I. INTRODUCTION
One of the basic objects of classical physics is the equation of motion of a system. In the most relevant cases it can be derived as the Euler-Lagrange equation of a regular Lagrange function. An old, and in the general case still unsolved problem, posed first in 1887 by Helmholtz, is the determination and classification of second order differential equations derivable from a variational principle. This is the inverse problem of the calculus of variations. Moreover, since the EulerLagrange equation inherits the symmetries of the Lagrangian, one can also consider the invariant version of the inverse problem of the calculus of variations, determine if an equation of motion possessing some symmetry property can be derived as the Euler-Lagrange equation of a regular Lagrangian having the same symmetry.
There are interesting examples of this phenomena in the cases of motions on Lie groups governed by the canonical symmetric, linear connections of the Lie group. 1 We remark that the corresponding canonical flow occurs in the one-dimensional reductions of well-known models of theoretical physics, like the or chiral models. One can say that all possible situations occur in these deceptively simple systems. This claim is illustrated by the following examples: ͑1͒ on a semisimple Lie group the canonical flow can be derived from the Lagrangian corresponding to the bi-invariant Killing metric of the Lie algebra. In this case the Lagrangian is obviously invariant; ͑2͒ on the Heisenberg group or on the affine group of the line the canonical flows are variational, but the Lagrangians are not invariant with respect to the natural action of the groups ͑see paragraph 5͒; ͑3͒ on the four-dimensional Lie groups A 4,7 , A 4,9b , and A 4,11a the canonical flows are not variational. 9 Moreover, one can investigate the unicity of the Lagrangian ͑up to an inessential total derivative term͒. The unicity problem and the existence of invariant variational principle might be related to each other in some cases, as if the equation of motion has some symmetry, but the Lagrangian does not possess that one, then the Lagrangian is necessarily nonunique, as a new Lagrangian obtained from the old one by a symmetry transformation must give the same EulerLagrange equation.
In this paper we examine the existence of Lie groups, other than the semisimple groups, where the geodesic flow associated to the canonical connection is variational with respect to a leftinvariant regular ͑but not necessarily quadratic, i.e., metric͒ Lagrange function. 
II. INVERSE PROBLEM OF THE CALCULUS OF VARIATIONS ON LIE GROUPS
On a Lie group G there are three kinds of natural linear connections, the plus, minus, and zero connections introduced first by Cartan and Schouten. 1 A simple way to define these connections is to give their values on left-invariant vector-fields X , Y by
2 ͓X,Y͔, and extend them to arbitrary vector fields by making them tensorial in the X argument and satisfy the Leibniz rule in the Y argument. The curvature tensors of the minus and plus connections are zero, but in general, the corresponding torsion tensors are nonvanishing. All three of the natural connections have the same geodesics. We shall denote ٌ 0 simply by ٌ and refer to it as the canonical symmetric, linear connection.
Let E : TG → R be a smooth function on the tangent bundle of a Lie group G, called the Lagrange function. For an arbitrary curve g͑t͒ : ͓t 0 , t 1 ͔ → G one can consider the functional I͓g͔
A standard argument shows that the functions g͑t͒ giving extrema of this functional ͑in the class of variations preserving the endpoints͒ satisfy the Euler-Lagrange equations. In standard local coordinates ͕g i ͖ on G they are
If the Lagrangian E is regular, then ͑1͒ is a second order ordinary differential equation. In a series of papers, Thompson and his co-workers investigated the inverse problem of Lagrangian dynamics for the geodesic flow associated to ٌ ͑see Refs. 2, 7, and 9͒. Here one wishes to decide if there exists a Lagrangian function defined on an open subset of the tangent bundle of the Lie group whose Euler-Lagrange equations coincide with the geodesic equations of ٌ. In this paper we consider the invariant version of this problem. We examine the existence of Lie groups, whose canonical geodesic flows are variational with respect to a left-invariant regularbut not necessarily quadratic-Lagrange function.
III. DIFFERENTIAL GEOMETRIC BACKGROUND OF THE INVERSE PROBLEM OF THE CALCULUS OF VARIATIONS
We present here the basic objects that play a role in the theory. More details can be found in Refs. 5 and 7 If M is a manifold TM denotes its tangent space and the natural submersion. Let J : TTM → TTM be the canonical vertical endomorphism, and let C X͑TM͒ be the Liouville vector field, if ͑x ␣ ͒ is a local coordinate system on M and ͑x ␣ , y ␣ ͒ is the induced coordinate system on TM, then 
͑3͒
The Lagrangian E is regular if and only if the 2-form ⍀ E ª dd J E has maximal rank. In this case, the vector field S on TM defined by the equation
is a spray ͑that is JS = C͒, and the paths of S are the solutions of the Euler-Lagrange equations,
Let us fix a second order differential equation, or in other words a spray S on the manifold M. Then, to every Lagrangian E a scalar 1-form E can be associated by
which is called Euler-Lagrange form. According to Eq. ͑4͒ we have E ϵ 0 if and only if the path of the spray is the solution of the Euler-Lagrange equation ͑5͒ associated to E. ͑See Refs. 5 and 7.͒
IV. LEFT-INVARIANT VARIATIONAL PRINCIPLE FOR THE CANONICAL CONNECTION
In the sequel we will consider the case, where M ª G is a Lie group. We will denote by L x g or simply by xg the left translation of g G by x G. Let ͑x͒ be coordinates on G, and let ͑x , y͒ be the standard associated coordinate system on TG. We will also use the "left invariant" coordinates ͑x , ␣͒ on TG Ӎ G ϫ g, where ␣ = ͑L x −1͒ * y is the Maurer-Cartan form. The corresponding coordinates on TTG are ͑x , ␣ , X , A͒, that is,
Since the coordinates ␣ = ͑␣ i ͒ and A = ͑A i ͒ are left-invariant coordinates, we find that the left translation by a group element g induces on TTG the following action:
−1 X͒ and the vertical subspace on ͑x , ␣͒ TG is V ͑x,␣͒ TG ª Ker * = ͕͑x,␣,0,b͉͒b g͖.
Second order differential equations are described by vector-fields S ͑called spray͒ on the tangent space, that have the characteristic property JS = C. On a Lie group the geodesic flow of the canonical connection is described by the system
and the vector field on the tangent space, corresponding to the geodesic flow of the canonical connection is the spray S where 
Moreover, with ͑x , ␣͒ as a local coordinate system, the vertical endomorphism and the Liouville vector fields are
Indeed,
For more details see Ref. 7 . Let us examine the existence of a left-invariant variational principle for the canonical flow of Lie groups. We have the following.
Proposition 2: The canonical flow of the Lie group G is variational with respect a leftinvariant Lagrangian if and only if there exists an ad-invariant function E : g → R with nondegenerate Hessian.
To prove the proposition, we compute the Euler-Lagrange equation for the canonical flow of G. Using the notation introduced in ͑6͒, the Euler-Lagrange partial differential equation associated to a spray S can be written as
where the unknown is the Lagrangian E. 
where ͑12͒ expresses the fact that E is left-invariant and ͑13͒ expresses that E is a solution of the Euler-Lagrange equation ͑11͒. Therefore the canonical flow is variational with respect to an invariant Lagrangian if and only if the Frobenius differential system ͑12͒ and ͑13͒ has a solution E : TG Ӎ G ϫ g → R satisfying the regularity condition, or equivalently, there exists a function E : g → R satisfying the equation
for all a g, such that the Hessian matrix ‫ץ͑‬ 2 E / ‫␣ץ‬ i ‫␣ץ‬ j ͒ is nondegenerate. The equation ͑14͒ is identically satisfied if and only if E is constant on the orbit of the ad representation of g. ᮀ Let ͕e 1 , ... ,e n ͖ be a basis of g. Then the structure constants C ␣␤ ␥ of the Lie algebra g are defined by
We denote by ͑␣ i ͒ the coordinate of ␣ g. We have the following. 
has a solution ͕x i = ⑀ i , x ij = ⑀ ij ͖ satisfying the condition det͑⑀ ij ͒ 0. Proof: Let us consider the distribution ⌬ in the tangent space of g defined as that is for every X a ⌬ and X b ⌬ we have ͓X a , X b ͔ = X ͓a,b͔ ⌬. This shows that ⌬ is involutive and the system ͑14͒ is integrable. Let us denote by J 1 ͑g , R͒ and by J 2 ͑g , R͒ the first and second order jet spaces of real valued functions on g. As usual, a local coordinates system on J 1 ͑g , R͒ and J 2 ͑g , R͒ can be given as follows: if E : g → R, then
Since ͑14͒ is integrable, the first prolongation of ͑14͒ is also integrable. Therefore for every initial condition j 2,␣ J 2 ͑g , R͒ at ␣, there exists a solution E : g → R in the neighborhood of ␣ such that j 2 ͑E͒ = j 2,␣ . On the other hand, the jet j 2,␣ = ͕␣ , ⑀ , ⑀ i , ⑀ ij ͖ is a second order initial condition of the prolongated system if and only if ͕⑀ i , ⑀ ij ͖ is a solution of the system composed by ͑16͒ and ͑17͒. Moreover the solution E corresponding to j 2,␣ is nondegenerate if and only if det͑⑀ ij ͒ 0.
ᮀ Corollary 1: The canonical connection of a commutative Lie group is variational with respect to a left-invariant Lagrangian.
In that case C ij k = 0 for all i , j , k =1, ... ,n, and there is no obstruction to choose a nondegenerate initial condition for the system ͑14͒.
ᮀ Corollary 2: If the derived Lie algebra is one dimensional, then there is no left-invariant variational principle for the canonical flow.
In that case all the solutions ͕x i = ⑀ i , x ij = ⑀ ij ͖ of the system composed by ͑16͒ and ͑17͒ are degenerate, and therefore there is no nondegenerate initial condition for the differential system ͑14͒.
ᮀ Remark: The Lagrangian E͑␣͒ = K͑␣ , ␣͒, where K is the Killing form of G, is always a solution to the equations ͑12͒ and ͑13͒. That way we rediscover the well-known property of semisimple Lie groups: the canonical connection is variational with respect to a left-invariant Lagrangian.
Indeed, E is left-invariant, it is not dependent on the x coordinates in the ͑x , ␣͒ system, and ͑12͒ is satisfied. Moreover, at every ␣ g and a g we have 
V. SOLUTION OF THE GROUP-INVARIANT INVERSE PROBLEM IN DIMENSIONS UP TO FOUR
The variationality of the geodesic flow of the canonical connection of Lie groups was studied in Refs. 9 and 2, where the inverse problem for Lie groups up to dimension 4 were solved. Here we determine if there exits group-invariant variational principle for canonical geodesic flows. Theorem 3 formulates a necessary and sufficient condition for the Lie algebra so that the canonical flow is variational with respect to a group-invariant Lagrangian.
Jacobson in Ref. 6 gives the classification of Lie algebras of dimension 3 or less. The classification of Lie algebras of dimensions 4 and 5 can be found in Ref. 8 .
A. Two-dimensional Lie groups
There are, up to isomorphism, two algebras distinguished according to whether or not ͓,͔ is trivial or not. In the former case we have the Abelian Lie algebra, and according to Corollary 1 it is variational with respect to a G-invariant Lagrangian.
The latter one is the Lie algebra of the affine group of the line. Up to isomorphism the Lie algebra of the affine group of the line is the only non-Abelian two-dimensional Lie algebra. ͒ . Then ͓e 1 , e 2 ͔ = e 2 , i.e., the nonzero structure constants are C 12 2 =−C 21 2 =1. If ͑a 1 , a 2 ͒ and ͑␣ 1 , ␣ 2 ͒ denote the coordinates of a and ␣ with respect to this basis, then Eq. ͑13͒ is ͓a , ␣͔ = ͑a 1 ␣ 2 − a 2 ␣ 1 ͒e 2 which gives ‫ץ‬E / ‫␣ץ‬ 2 = 0. Since any solution of the prolongations is nonregular we conclude that there is no invariant variational principle for the canonical connection of the affine group of the line.
B. Three-dimensional Lie groups
In Ref. 9 , Thompson proved that all the canonical connections on Lie groups of dimension 3 have variational locally geodesic equations. On the other hand, Jacobson's classification of the three-dimensional Lie algebras depends primarily on the dimension of the first derived algebra g ͑1͒ where g is the original algebra. We have the following possibilities.
If dim͑g ͑1͒ ͒ = 0, then g is Abelian and, according to Corollary 1, the canonical connection of a commutative Lie group is variational with respect to a left-invariant Lagrangian. If dim͑g ͑1͒ ͒ =3, then g is simple and we have g = sᐉ͑2,R͒ or g = so͑3͒. In both cases the Killing form provides a metric and so the connections are variational.
If dim͑g ͑1͒ ͒ = 1 there are, up to isomorphism, two algebras distinguished according to whether g ͑1͒ lies inside the center of g. In the former case g may be realized as the Lie algebra of the group of matrices of the form
, ͑x , y , z R͒ and g is the Heisenberg algebra. Its canonical connection is a flat connection and so it is variational. The latter case g is isomorphic to the Lie algebra of the group of nonsingular 2 ϫ 2 upper triangular matrices and so it is again variational. Let us consider the Heisenberg group. A basis of the Lie algebra is given by ͕e 1 , e 2 , e 3 ͖, where 
ͪ.
If ͑a 1 , a 2 , a 3 ͒ and ͑␣ 1 , ␣ 2 , ␣ 3 ͒ are the coordinates of a and ␣, then
and Eq. ͑14͒ gives again ‫ץ‬E / ‫␣ץ‬ 2 = 0. Therefore any solution will be nonregular. Consequently there is no invariant variational principle in this case.
C. Four-dimensional Lie groups
There are 12 classes of Lie algebras in dimension 4 denoted in Ref. 
